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Introduction	stochastic	calculus

It’s	a	small	but	erratic	step,	with:\(E[dW]	=	0\),\(Var(dW)	=	E[(dW)^2]	=	dt\).Now	consider	\((dW)^2\).	Let’s	proceed	to	formalizing	our	intuition.To	accomplish	this,	let’s	define	a	random	variable	for	a	single	step	as:\[X(t)	=	\begin{cases}	1	&	\text{with	probability	}	\frac{1}{2}	\\	-1	&	\text{with	probability	}	\frac{1}{2}	\\	\end{cases}\]Here,	\(X(t)\)
will	encode	our	displacement	at	the	\(t\)-th	step	where	\(t	\in	\{1,\dots,n\}\)	is	an	indexing	parameter.	This	is	useful	in	engineering,	like	modeling	voltage	in	a	circuit	with	thermal	fluctuations,	where	noise	has	slight	smoothness.Stochastic	Control:	In	control	problems,	Stratonovich	can	simplify	dynamics	under	feedback.	Attribution	—	You	must	give
appropriate	credit	,	provide	a	link	to	the	license,	and	indicate	if	changes	were	made	.	You	do	not	have	to	comply	with	the	license	for	elements	of	the	material	in	the	public	domain	or	where	your	use	is	permitted	by	an	applicable	exception	or	limitation	.	The	main	use	of	stochastic	calculus	in	finance	is	through	modeling	the	random	motion	of	an	asset
price	in	the	Black-Scholes	model.	In	quantitative	finance,	the	theory	is	known	as	Ito	Calculus.	arXiv:0712.3908.	Main	article:	Itô	calculus	The	Itô	integral	is	central	to	the	study	of	stochastic	calculus.	We	will	discuss	relevant	properties	of	…	For	now	let	us	consider	a	nite	or	countable	set	as	the	set	of	elementary	events	and	P(w)	denotes	probability	of
the	elementary	event	w.	The	variance	is	\(Var[(dW)^2]	=	2	dt^2\),	which	becomes	negligible	as	\(dt	\to	0\).	It	contains	many	solved	examples	and	exercises	making	it	suitable	for	self	study.	More	and	more	applications	are	emerging,	notably	in	machine	learning,	as	Song	et	al.	The	diffusion	\(b(t,	X)\)	determines	the	random	jitter’s	strength.	It’s	wild—
it’s	globally	somewhat	predictable	yet	locally	completely	unpredictable.	The	main	benefit	of	the	Stratonovich	integral	is	that	it	obeys	the	usual	chain	rule	and	therefore	does	not	require	Itô's	lemma.	So	where’s	the	sum	happening	here?	Related	Articles	Share	—	copy	and	redistribute	the	material	in	any	medium	or	format	for	any	purpose,	even
commercially.	The	license	may	not	give	you	all	of	the	permissions	necessary	for	your	intended	use.	Now,	let’s	zoom	out.	The	Binomial	Model	provides	one	means	of	deriving	the	Black-Scholes	equation.	To	delete	this	second	order	term,	we	need	to	somehow	absorb	it	into	the	stochastic	part	by	defining	some	Stratonovich	differential,	typically	denoted
by	\(\circ	dW\).Going	back	to	our	Riemann	sum	definitions,	our	degrees	of	freedom	lie	in	the	choice	of	the	evaluation	point	for	each	interval:\[\int_{0}^{T}	f(X(t))	\diamond	dW	=	\lim_{n	\to	\infty}	\sum_{i=0}^{n-1}	f(X(t_i)	+	\lambda	\Delta	X(t_i,t_{i+1}))	\Delta	W(t_i,	t_{i+1})\]where	\(\lambda	\in	[0,1]\)	is	a	constant	that	linearly	interpolates
between	the	left	and	right	endpoints	of	each	interval	giving	a	corresponding	differential	\(\diamond	dW\),	and	\(\Delta	X(t_i,t_{i+1}):=X(t_{i+1})-X(t_i)\).In	the	deterministic	case,	since	we	always	have	\(O(dX^2)	\to	0\),	it	doesn’t	matter	where	we	choose	the	evaluation	point.	Let’s	try	to	plot	this	for	a	different	values	\(n\)	over	\(k\).	This	means	we	only
need	to	consider	a	function	\(f(X(t))\).Remember,	for	the	Itô	form,	we	chose	to	define	the	integral	by	choosing	the	left	endpoint	of	each	interval.	For	events	A;B	(i.e.	subsets	A;B	of	),	the	conditional	…	Provide	the	necessary	background	information	for	understanding	the	main	ideas	of	stochastic	calculus.			A	beginner-friendly	introduction	to	stochastic
calculus,	focusing	on	intuition	and	calculus-based	derivations	instead	of	heavy	probability	theory	formalism.	Transitioning	from	classical	calculus	to	stochastic	processes	also	involves	learning	new	methods,	including	rigorous	proof	techniques	tailored	to	randomness.	This	setup	powers	the	binomial	distribution,	which	models	repeated	trials	with	two
outcomes—win	or	lose,	heads	or	tails.	A	geometric	Brownian	motion	is	used	instead,	where	the	logarithm	of	the	stock	price	has	stochastic	behaviour.	The	core	of	the	book	covers	stochastic	calculus,	including	stochastic	differential	equations,	the	relationship	to	partial	differential	equations,	numerical	methods	and	simulation,	as	well	as	applications	of
stochastic	processes	to	finance.	It	is	the	only	textbook	on	the	subject	to	include	more	than	two	hundred	exercises	with	complete	solutions.After	explaining	the	basic	elements	of	probability,	the	author	introduces	more	advanced	topics	such	as	Brownian	motion,	martingales	and	Markov	processes.	Using	such	structure,	the	text	will	provide	a
mathematically	literate	reader	with	rapid	introduction	to	the	subject	and	its	advanced	applications.	The	best-known	stochastic	process	to	which	stochastic	calculus	is	applied	is	the	Wiener	process	(named	in	honor	of	Norbert	Wiener),	which	is	used	for	modeling	Brownian	motion	as	described	by	Louis	Bachelier	in	1900	and	by	Albert	Einstein	in	1905
and	other	physical	diffusion	processes	in	space	of	particles	subject	to	random	forces.	Stochastic	calculus	gives	us	tools	to	predict,	optimize,	and	understand	these	messy	systems	in	a	simpified	model.Physics:	Einstein	used	Brownian	motion	to	prove	atoms	exist—its	jittering	matched	molecular	collisions.Finance:	Option	pricing	(e.g.,	the	famous	Black-
Scholes	equation)	relies	on	stochastic	differential	equations	like	\(dS	=	\mu	S	dt	+	\sigma	S	dW\).Biology:	Random	walks	model	how	species	spread	or	neurons	fire.This	is	just	the	tip	of	the	iceberg.	In	contrast	to	regular	calculus,	where	\((dx)^2\)	is	too	small	to	matter,	\((dW)^2\)	is	on	the	same	scale	as	\(dt\),	which	changes	how	we	handle
calculations.The	Itô	Integral:	Integrating	Against	RandomnessIn	regular	calculus,	\(\int_a^b	f(x)	\,	dx\)	approximates	the	area	under	a	curve	by	summing	rectangles,	\(\sum	f(x_i)	\Delta	x\),	and	taking	the	limit	as	\(\Delta	x	\to	0\).	ShareAlike	—	If	you	remix,	transform,	or	build	upon	the	material,	you	must	distribute	your	contributions	under	the	same
license	as	the	original.	For	mathematicians,	this	book	can	be	used	as	a	first	text	on	stochastic	calculus	or	as	a	companion	to	more	rigorous	texts	by	a	way	of	examples	and	exercises.	For	each	step,	the	expected	displacement	is	zero,	such	that	the	overall	expected	displacement	is	also	zero.Independence:	Steps	at	different	times	are	independent.	Code
2D	image:	Sample	SDE	path	with	mu=1.0,	sigma=0.5Geometric	Brownian	MotionFor	systems	where	changes	scale	with	size—like	stock	prices	or	certain	physical	processes—consider	geometric	Brownian	motion	(GBM):\[dS(t)	=	\mu	S(t)	\,	dt	+	\sigma	S(t)	\,	dW(t)\]\(S(t)\):	The	state	(e.g.,	stock	price).\(\mu	S(t)\):	Proportional	drift.\(\sigma	S(t)\):
Proportional	noise.The	percentage	change	\(\frac{dS}{S}	=	\mu	\,	dt	+	\sigma	\,	dW\)	has	a	trend	and	randomness.	For	example,	in	row	3,	there	are	\(\binom{3}{2}	=	3\)	ways	to	hit	position	2.	Stratonovich	fits	here	because	it	preserves	symmetries	in	continuous	physical	processes,	unlike	Itô,	which	adds	a	\(\frac{1}{2}	\sigma^2	X	\,	dt\)	drift
term.Wong-Zakai	Theorem	and	Smooth	Noise:	Real-world	noise	isn’t	perfectly	white	(uncorrelated	like	\(dW\))—it’s	often	smoother.	Its	expected	value	is	\(dt\),	but	what	about	its	variability?	These	notes	correspond	to	14	lectures	lasting	90	minutes	each.	(August	2011)	(Learn	how	and	when	to	remove	this	message)	Part	of	a	series	of	articles
aboutCalculus	∫	a	b	f	′	(	t	)	d	t	=	f	(	b	)	−	f	(	a	)	{\displaystyle	\int	_{a}^{b}f'(t)\,dt=f(b)-f(a)}	Fundamental	theorem	Limits	Continuity	Rolle's	theorem	Mean	value	theorem	Inverse	function	theorem	Differential	Definitions	Derivative	(generalizations)	Differential	infinitesimal	of	a	function	total	Concepts	Differentiation	notation	Second	derivative	Implicit
differentiation	Logarithmic	differentiation	Related	rates	Taylor's	theorem	Rules	and	identities	Sum	Product	Chain	Power	Quotient	L'Hôpital's	rule	Inverse	General	Leibniz	Faà	di	Bruno's	formula	Reynolds	Integral	Lists	of	integrals	Integral	transform	Leibniz	integral	rule	Definitions	Antiderivative	Integral	(improper)	Riemann	integral	Lebesgue
integration	Contour	integration	Integral	of	inverse	functions	Integration	by	Parts	Discs	Cylindrical	shells	Substitution	(trigonometric,	tangent	half-angle,	Euler)	Euler's	formula	Partial	fractions	(Heaviside's	method)	Changing	order	Reduction	formulae	Differentiating	under	the	integral	sign	Risch	algorithm	Series	Geometric	(arithmetico-geometric)
Harmonic	Alternating	Power	Binomial	Taylor	Convergence	tests	Summand	limit	(term	test)	Ratio	Root	Integral	Direct	comparison	Limit	comparison	Alternating	series	Cauchy	condensation	Dirichlet	Abel	Vector	Gradient	Divergence	Curl	Laplacian	Directional	derivative	Identities	Theorems	Gradient	Green's	Stokes'	Divergence	generalized	Stokes
Helmholtz	decomposition	Multivariable	Formalisms	Matrix	Tensor	Exterior	Geometric	Definitions	Partial	derivative	Multiple	integral	Line	integral	Surface	integral	Volume	integral	Jacobian	Hessian	Advanced	Calculus	on	Euclidean	space	Generalized	functions	Limit	of	distributions	Specialized	Fractional	Malliavin	Stochastic	Variations	Miscellanea
Precalculus	History	Glossary	List	of	topics	Integration	Bee	Mathematical	analysis	Nonstandard	analysis	vte	Stochastic	calculus	is	a	branch	of	mathematics	that	operates	on	stochastic	processes.	Ito's	Lemma	is	a	stochastic	analogue	of	the	chain	rule	of	ordinary	calculus.	But	what	does	that	conversion	mean	mathematically?	Rather	than	forcing
Brownian	motion	into	the	rules	of	regular	calculus,	Itô	built	a	new	system	tailored	to	its	random	nature,	forming	the	foundation	of	stochastic	calculus.The	Increment	\(dW\)	and	Its	PropertiesDefine	the	small	change	in	Brownian	motion	over	an	interval	\(dt\):\[dW	:=	W(t	+	dt)	-	W(t)	=	\Delta	W(t,	t	+	dt)\]From	Section	3,	\(W(t	+	dt)	-	W(t)	\sim	N(0,	dt)\),
so:\[dW	=	\sqrt{dt}	\,	N(0,	1)\]Unlike	the	deterministic	\(dx\)	in	regular	calculus,	\(dW\)	is	random—its	magnitude	scales	with	\(\sqrt{dt}\),	and	its	sign	depends	on	a	standard	normal	distribution	\(N(0,	1)\).	3D	Animation	of	Brownian	MotionNormal	distribution	sweeping	and	evolving	across	time	according	Brownian	motion1	2	3	4	5	6	7	8	9	10	11	12	13
14	15	16	17	18	19	20	21	22	23	24	25	26	27	28	29	30	31	32	33	34	35	36	37	38	39	40	41	42	43	44	45	46	import	numpy	as	np	import	matplotlib.pyplot	as	plt	from	mpl_toolkits.mplot3d	import	Axes3D	#	for	3D	plotting	from	scipy.stats	import	norm	import	imageio.v3	as	imageio	#	using	modern	API	import	os	os.makedirs('gif_frames',	exist_ok=True)	#
Parameters	for	continuous	Brownian	motion	num_frames	=	100	#	more	frames	for	smoother	animation	t_values	=	np.linspace(0.1,	5,	num_frames)	x	=	np.linspace(-5,	5,	200)	#	increased	resolution	num_sample_paths	=	5	sample_paths	=	np.zeros((num_sample_paths,	len(t_values)))	dt_cont	=	t_values[1]	-	t_values[0]	for	i	in	range(num_sample_paths):
increments	=	np.random.normal(0,	np.sqrt(dt_cont),	size=len(t_values)-1)	sample_paths[i,	1:]	=	np.cumsum(increments)	frames	=	[]	for	i,	t	in	enumerate(t_values):	fig	=	plt.figure(figsize=(10,	7))	ax	=	fig.add_subplot(111,	projection='3d')	mask	=	t_values	,	red,	thick]	(-6,	0)	--	(-5,	-1)	--	(-4,	-2)	--	(-5,	-3);	%	RRL	ode	at	(-6,	-4)	{Right-Right-Left};	%
Diagram	2:	Path	RLR	ode	at	(0,	0)	{1};	%	Row	0	ode	at	(-1,	-1)	{1};	%	Row	1	ode	at	(1,	-1)	{1};	ode	at	(-2,	-2)	{1};	%	Row	2	ode	at	(0,	-2)	{2};	ode	at	(2,	-2)	{1};	ode	at	(-3,	-3)	{1};	%	Row	3	ode	at	(-1,	-3)	{3};	ode	at	(1,	-3)	{3};	ode	at	(3,	-3)	{1};	\draw[->,	blue,	thick]	(0,	0)	--	(1,	-1)	--	(0,	-2)	--	(1,	-3);	%	RLR	ode	at	(0,	-4)	{Right-Left-Right};	%	Diagram
3:	Path	LRR	ode	at	(6,	0)	{1};	%	Row	0	ode	at	(5,	-1)	{1};	%	Row	1	ode	at	(7,	-1)	{1};	ode	at	(4,	-2)	{1};	%	Row	2	ode	at	(6,	-2)	{2};	ode	at	(8,	-2)	{1};	ode	at	(3,	-3)	{1};	%	Row	3	ode	at	(5,	-3)	{3};	ode	at	(7,	-3)	{3};	ode	at	(9,	-3)	{1};	\draw[->,	green,	thick]	(6,	0)	--	(5,	-1)	--	(6,	-2)	--	(7,	-3);	%	LRR	ode	at	(6,	-4)	{Left-Right-Right};	\end{tikzpicture}
\end{document}	3D	VisualizationsC1.	[citation	needed]	Main	article:	Stratonovich	integral	The	Stratonovich	integral	or	Fisk–Stratonovich	integral	of	a	semimartingale	X	{\displaystyle	X}	against	another	semimartingale	Y	can	be	defined	in	terms	of	the	Itô	integral	as	∫	0	t	X	s	−	∘	d	Y	s	:=	∫	0	t	X	s	−	d	Y	s	+	1	2	[	X	,	Y	]	t	c	,	{\displaystyle	\int
_{0}^{t}X_{s-}\circ	dY_{s}:=\int	_{0}^{t}X_{s-}dY_{s}+{\frac	{1}{2}}\left[X,Y\right]_{t}^{c},}	where	[X,	Y]tc	denotes	the	optional	quadratic	covariation	of	the	continuous	parts	of	X	and	Y,	which	is	the	optional	quadratic	covariation	minus	the	jumps	of	the	processes	X	{\displaystyle	X}	and	Y	{\displaystyle	Y}	,	i.e.	[	X	,	Y	]	t	c	:=	[	X	,	Y	]	t	−	∑	s	≤	t
Δ	X	s	Δ	Y	s	{\displaystyle	\left[X,Y\right]_{t}^{c}:=[X,Y]_{t}-\sum	\limits	_{s\leq	t}\Delta	X_{s}\Delta	Y_{s}}	.	Not	everything	is	proved,	but	enough	proofs	are	given	to	make	it	a	mathematically	rigorous	exposition.	Authors:	Provides	a	self-contained	introduction	to	stochastic	calculus	Includes	applications	and	numerical	methods	Features	more	than
200	exercises	with	detailed	solutions	Part	of	the	book	series:	Universitext	(UTX)	Licence	this	eBook	for	your	library	Institutional	subscriptions	This	book	provides	a	comprehensive	introduction	to	the	theory	of	stochastic	calculus	and	some	of	its	applications.	In	other	words,	it	is	this	stochastic	part	that	will	vary.	This	form	underlies	the	Black-Scholes
model	in	finance.	Stochastic	calculus	is	the	area	of	mathematics	that	deals	with	processes	containing	a	stochastic	component	and	thus	allows	the	modeling	of	random	systems.	For	an	interval	\([a,	b]\),	we:Split	it	into	\(n\)	chunks	of	size	\(h	=	\frac{b	-	a}{n}\),Sum	up	contributions	(like	a	Riemann	sum),Let	\(n	\to	\infty\)	and	\(h	\to	0\),	landing	on	an
integral.Can	we	adapt	this	to	the	binomial	distribution?	In	the	continuous	case:Points	and	sums	(discrete	tools)	lead	to	infinities.	First,	the	deterministic	part	clearly	satisfies	the	regular	chain	rule,	since	we	can	directly	apply	it	using	linearity.	A	plot	of	W(t)	looks	like	a	jagged	mess,	but	it’s	got	structure	under	the	hood.	We	need	intervals	and	integrals
instead.2.	From	Discrete	Steps	to	Continuous	LimitsIt’s	actually	known	what	happens	to	the	binomial	distribution	as	it	becomes	continuous.	...	Discrete	Random	Walk	with	Sample	Paths	def	simulate_random_walk(dt,	T,	num_paths):	"""Simulate	random	walk	paths	with	step	size	sqrt(dt)."""	n_steps	=	int(T	/	dt)	positions	=	np.zeros((num_paths,	n_steps
+	1))	for	i	in	range(num_paths):	increments	=	np.random.choice([-1,	1],	size=n_steps)	*	np.sqrt(dt)	positions[i,	1:]	=	np.cumsum(increments)	return	positions	dt	=	0.01	#	Step	size	T	=	5.0	#	Total	time	num_paths	=	10000	#	For	histogram	times	=	np.arange(0,	T	+	dt,	dt)	positions	=	simulate_random_walk(dt,	T,	num_paths)	sample_indices	=
np.arange(5)	frames	=	[]	for	i,	t	in	enumerate(times):	if	i	%	10	==	0:	#	Use	every	10th	frame	for	the	GIF	current_positions	=	positions[:,	i]	x_vals	=	np.linspace(-5,	5,	100)	p_theoretical	=	norm.pdf(x_vals,	0,	np.sqrt(t)	if	t	>	0	else	1e-5)	plt.figure(figsize=(12,	4))	plt.subplot(1,	2,	1)	plt.hist(current_positions,	bins=50,	density=True,	alpha=0.6,	label=f't	=
{t:.2f}')	plt.plot(x_vals,	p_theoretical,	'r-',	label='N(0,t)')	plt.title('Discrete	Random	Walk	Distribution')	plt.xlabel('Position')	plt.ylabel('Density')	plt.ylim(0,	0.8)	plt.legend()	plt.grid(True)	plt.subplot(1,	2,	2)	for	idx	in	sample_indices:	plt.plot(times[:i+1],	positions[idx,	:i+1],	'-o',	markersize=3)	plt.title('Sample	Random	Walk	Paths')	plt.xlabel('Time')
plt.ylabel('Position')	plt.xlim(0,	T)	plt.grid(True)	frame_path	=	f'gif_frames/discrete_t_{t:.2f}.png'	plt.tight_layout()	plt.savefig(frame_path)	plt.close()	frames.append(imageio.imread(frame_path))	#	Save	the	discrete	random	walk	GIF	with	infinite	looping	imageio.imwrite('discrete_random_walk.gif',	frames,	duration=0.1,	loop=0)	Calculus	on	stochastic
processes	This	article	includes	a	list	of	references,	related	reading,	or	external	links,	but	its	sources	remain	unclear	because	it	lacks	inline	citations.	Stratonovich	suits	systems	where	noise	is	tied	to	physical	continuity	or	symmetry,	while	Itô	dominates	in	finance	for	its	non-anticipating	properties.	The	fundamental	difference	between	stochastic
calculus	and	ordinary	calculus	is	that	stochastic	calculus	allows	the	derivative	to	have	a	random	component	determined	by	a	Brownian	motion.	It	also	gives	its	main	applications	in	finance,	biology	and	engineering.	For	example,	the	Black–Scholes	model	prices	options	as	if	they	follow	a	geometric	Brownian	motion,	illustrating	the	opportunities	and
risks	from	applying	stochastic	calculus.	Python	Code	for	Normal	Distribution	Approximation	by	Random	Walks1	2	3	4	5	6	7	8	9	10	11	12	13	14	15	16	17	18	19	20	21	22	23	24	25	26	27	28	29	30	31	32	33	34	35	36	37	38	39	40	41	42	43	44	45	46	47	48	49	50	51	52	53	54	55	56	57	58	59	60	61	62	63	64	65	66	67	68	69	70	71	72	73	74	75	76	77	78	79	80	81
82	83	84	85	86	87	88	89	90	91	92	93	94	95	96	97	98	99	100	101	102	103	104	105	106	107	108	109	110	import	numpy	as	np	import	matplotlib.pyplot	as	plt	from	scipy.stats	import	norm	import	imageio.v3	as	imageio	#	modern	ImageIO	v3	API	import	os	from	scipy.special	import	comb	#	Create	a	directory	for	frames	os.makedirs('gif_frames',
exist_ok=True)	#	1.	Solutions	to	SDEs	aren’t	fixed	curves	but	random	paths,	each	run	producing	a	different	trajectory	with	statistical	patterns	we	can	study.Itô’s	Lemma	RevisitedItô’s	lemma	actually	applies	to	a	function	\(f(t,	X(t))\)	and	its	stochastic	derivative	\(df(t,	X(t))\)	for	a	general	\(dX(t)	=	b(t,X(t))dt+\sigma(t,X(t))dW\),	and	this	is	done	through
the	linearity	of	the	Itô	differential	(as	seen	using	the	\(\mathbb{R}[\epsilon]/\epsilon^3\)	formulation).Considering	that	\(dX=O(dW)\),	we	consider	terms	up	to	\(dX^2=O(dW^2)\):\[\begin{aligned}	df	&=	f_t	\,	dt	+	f_X	\,	dX	+	\frac{1}{2}f_{XX}	dX^2	\\	&=	f_t	\,	dt	+	f_X	\,	(b	\,	dt+\sigma	\,	dW)	+	\frac{1}{2}f_{XX}	(b	\,	dt+\sigma	\,	dW)^2	\\	&=	(f_t
+	bf_X+\frac{1}{2}\sigma^2	f_{XX})	\,	dt	+	\sigma	f_X	\,	dW	\end{aligned}\]which	is	the	general	form	typically	presented.Drift	and	DiffusionThe	drift	\(a(t,	X)\)	sets	the	average	direction,	like	a	current	pushing	a	particle.	We	will	form	a	stochastic	differential	equation	for	this	asset	price	movement	and	solve	it	to	provide	the	path	of	the	stock	price.
Besides	the	classical	Itô	and	Fisk–Stratonovich	integrals,	many	other	notions	of	stochastic	integrals	exist,	such	as	the	Hitsuda–Skorokhod	integral,	the	Marcus	integral,	and	the	Ogawa	integral.	Consider	a	system	with	control	input	\(u(t)\)	and	noise:\[dX	=	(a	X	+	u)	\,	dt	+	\sigma	X	\circ	dW\]For	\(f(X)	=	X^2\),	the	Stratonovich	rule	gives:\[d(X^2)	=	2X
(a	X	+	u)	\,	dt	+	2X	\cdot	\sigma	X	\circ	dW	=	(2a	X^2	+	2X	u)	\,	dt	+	2\sigma	X^2	\circ	dW\]The	lack	of	a	second-derivative	term	(unlike	Itô’s	\(+	\sigma^2	X^2	dt\))	aligns	with	classical	control	intuition,	making	it	easier	to	design	\(u(t)\)	for,	say,	stabilizing	a	noisy	pendulum	or	a	drone	in	wind.Biological	Diffusion:	In	biology,	noise	can	depend	on
spatial	gradients,	like	protein	diffusion	across	a	cell.	This	field	was	created	and	started	by	the	Japanese	mathematician	Kiyosi	Itô	during	World	War	II.	Multiply	by	the	number	of	ways	to	arrange	those	wins,	and	we	get:\[P(k	\text{	wins	in	}	n	\text{	trials})	=	\binom{n}{k}	p^k	q^{n-k}\]This	is	the	binomial	distribution—great	for	discrete	setups.
Python	Code	for	Basic	SDE	Simulation1	2	3	4	5	6	7	8	9	10	11	12	13	14	15	16	17	18	19	20	21	22	import	numpy	as	np	import	matplotlib.pyplot	as	plt	#	Simulate	simple	SDE:	dX	=	mu	dt	+	sigma	dW	np.random.seed(42)	T	=	1.0	N	=	1000	dt	=	T	/	N	t	=	np.linspace(0,	T,	N+1)	mu,	sigma	=	1.0,	0.5	X	=	np.zeros(N+1)	for	i	in	range(N):	dW	=	np.sqrt(dt)	*
np.random.normal(0,	1)	X[i+1]	=	X[i]	+	mu	*	dt	+	sigma	*	dW	plt.plot(t,	X,	label=f"μ={mu},	σ={sigma}")	plt.title("Sample	Path	of	dX	=	μ	dt	+	σ	dW")	plt.xlabel("Time	t")	plt.ylabel("X(t)")	plt.legend()	plt.grid(True)	plt.show()	B4.	Is	there	a	way	we	can	simplify	it	to	the	familiar	chain	rule	in	regular	calculus?\[df	=	\frac{\partial	f}{\partial	t}	dt	+
\frac{\partial	f}{\partial	X}	dX\]The	answer	is	yes,	and	it’s	called	Stratonovich	calculus.	The	alternative	notation	∫	0	t	X	s	∂	Y	s	{\displaystyle	\int	_{0}^{t}X_{s}\,\partial	Y_{s}}	is	also	used	to	denote	the	Stratonovich	integral.	Unlike	a	deterministic	integral,	the	result	is	a	random	variable,	reflecting	\(W(t)’s\)	randomness.	For	example,	other	rights
such	as	publicity,	privacy,	or	moral	rights	may	limit	how	you	use	the	material.	Think	of:A	basketball	player	shooting	free	throws	with	probability	\(p\)	of	success	and	\(q	=	1	-	p\)	of	failure.A	gambler	betting	on	dice	rolls.Pascal’s	triangle	tells	us	there	are	\(\binom{n}{k}\)	ways	to	get	\(k\)	wins	in	\(n\)	trials.	So	Stratonovich	integrals	are	defined	by	the
midpoint	evaluation	rule:\[\begin{aligned}	\int_{0}^{T}	f(X(t))	\circ	dW	&=	\lim_{n	\to	\infty}	\sum_{i=0}^{n-1}	f(X(t_i)	+	\frac{1}{2}	\Delta	X(t_i,t_{i+1}))	\Delta	W(t_i,	t_{i+1})	\\	&=	\lim_{n	\to	\infty}	\sum_{i=0}^{n-1}	f\left(\frac{X(t_i)+X(t_{i+1})}{2}\right)	\Delta	W(t_i,	t_{i+1})	\\	\end{aligned}\]Conversion	Formula	between	Itô	and
StratonovichThere	is	a	formula	to	convert	the	Stratonovich	differential	into	a	corresponding	Itô	SDE	that	depends	on	the	Itô	differential	as	well	as	the	volatility	function	\(\sigma\).Recall	that	Itô’s	lemma	states	that	for	\(dX	=	a	dt	+	b	dW\):\[df	=	f_t	dt	+	f_X	dX	+	\frac{1}{2}f_{XX}	dX^2	=	(af_t	+	\frac{1}{2}	b^2	f_{XX})	dt	+	bf_X	dW\]In	parallel,	we
defined	Stratonovich’s	chain	rule	to	satisfy	for	\(dX	=	\tilde	a	dt	+	\tilde	b	\circ	dW\):\[df	=	f_t	dt	+	f_X	\circ	dX	=	(f_t	+	\tilde	a	f_X)	dt	+	\tilde	b	f_X	\circ	dW\]Hence,	between	Itô	and	Stratonovich	SDEs,	we	have	in	both	cases	that	the	differential	is	scaled	by	the	volatility	function	of	\(X\)	and	\(f_X\),	but	the	drift	function	changes.	It’s	a	basic	model	for
things	like	a	stock	with	steady	growth	and	volatility.	The	Wong-Zakai	theorem	shows	that	approximating	smooth	noise	(e.g.,	\(\eta(t)\)	with	correlation	time	\(\epsilon\))	as	\(\epsilon	\to	0\)	yields	a	Stratonovich	SDE.	There	are	also	many	interesting	detailed	examples	and	discussions	that	elaborate	on	the	theory.	World	Scientific	Publishing,
ISBN	9781848168312	Szabados,	T.S.;	Székely,	B.Z.	(2008).	Consider	a	damped	oscillator	with	position	\(X(t)\)	under	state-dependent	noise:\[dX	=	-k	X	\,	dt	+	\sigma	X	\circ	dW\]Here,	\(k	>	0\)	is	the	damping	constant,	\(\sigma\)	is	the	noise	strength,	and	\(\circ	dW\)	denotes	the	Stratonovich	differential.	Stratonovich	ensures	the	diffusion	term	reflects
physical	conservation	laws,	matching	experimental	data	in	systems	like	bacterial	motility	better	than	Itô,	which	alters	the	drift.Numerical	Stability:	For	simulations,	Stratonovich	pairs	well	with	midpoint	methods.	An	important	application	of	stochastic	calculus	is	in	mathematical	finance,	in	which	asset	prices	are	often	assumed	to	follow	stochastic
differential	equations.	He	previously	held	positions	at	the	universities	of	Catania	and	Pisa	in	Italy	and	also	many	visiting	positions	at	the	universities	of	Nanterre	and	Pierre	et	Marie	Curie	(Paris	6)	in	France.	Taylor-expand	\(f(t,	W(t))\):\[df	=	\frac{\partial	f}{\partial	t}	dt	+	\frac{\partial	f}{\partial	W}	dW	+	\frac{1}{2}	\frac{\partial^2	f}{\partial
W^2}	(dW)^2	+	\text{smaller	terms}\]As	\(dt	\to	0\):\(dt^2\)	and	\(dt	\,	dW\)	vanish,\((dW)^2	\approx	dt\)	stays	significant.This	leaves:\[df	=	\frac{\partial	f}{\partial	t}	dt	+	\frac{\partial	f}{\partial	W}	dW	+	\frac{1}{2}	\frac{\partial^2	f}{\partial	W^2}	dt\]This	is	Itô’s	Lemma.	Python	Code	for	Brownian	Motion	Plot1	2	3	4	5	6	7	8	9	10	11	12	13	14
15	16	17	import	numpy	as	np	import	matplotlib.pyplot	as	plt	#	Simulate	Brownian	motion	np.random.seed(42)	t	=	np.linspace(0,	1,	1000)	#	Time	from	0	to	1	dt	=	t[1]	-	t[0]	dW	=	np.sqrt(dt)	*	np.random.normal(0,	1,	size=len(t)-1)	#	Increments	W	=	np.concatenate([[0],	np.cumsum(dW)])	#	Cumulative	sum	starts	at	0	#	Plot	plt.plot(t,	W)
plt.title("Sample	Brownian	Motion	Path")	plt.xlabel("Time	t")	plt.ylabel("W(t)")	plt.grid(True)	plt.show()	B3.	Therefore,	mastering	well-formed	mathematical	inferences	is	a	necessary	prerequisite.	The	final	chapter	provides	detailed	solutions	to	all	exercises,	in	some	cases	presenting	various	solution	techniques	together	with	a	discussion	of	advantages
and	drawbacks	of	the	methods	used.Stochastic	Calculus	will	be	particularly	useful	to	advanced	undergraduate	and	graduate	students	wishing	to	acquire	a	solid	understanding	of	the	subject	through	the	theory	and	exercises.	This	stability	allows	us	to	treat	\((dW)^2	\approx	dt\)	in	Itô	calculus	(formally,	in	the	mean-square	sense—see	the	Appendix	for
details).	A	Stratonovich	discretization	might	use:\[X_{n+1}	=	X_n	-	a	\left(\frac{X_n	+	X_{n+1}}{2}\right)	\Delta	t	+	\sigma	\Delta	W_n\]This	implicit	scheme	leverages	the	midpoint	rule,	reducing	numerical	artifacts	in	models	like	chemical	kinetics	compared	to	Itô’s	explicit	steps.The	choice	between	Stratonovich	and	Itô	depends	on	context.
Mathematical	methods	are	intended	to	rigorously	prove	or	disprove	hypotheses	using	logical	reasoning.	Misapplication	of	these	tools	can	lead	to	misleading	or	incorrect	conclusions	without	any	clear	indication	of	where	the	error	occurred.	This	rules	out	differential	equations	that	require	the	use	of	derivative	terms,	since	they	are	unable	to	be	defined
on	non-smooth	functions.	The	main	flavours	of	stochastic	calculus	are	the	Itô	calculus	and	its	variational	relative	the	Malliavin	calculus.	In	the	book	many	of	the	concepts	are	introduced	through	worked-out	examples,	eventually	leading	to	a	complete,	rigorous	statement	of	the	general	result,	and	either	a	complete	proof,	a	partial	proof	or	a	reference.
In	biology,	it	is	applied	to	populations'	models,	and	in	engineering	it	is	applied	to	filter	signal	from	noise.	The	answer	lies	in	the	Central	Limit	Theorem,	which	states	that	the	sum	of	a	large	number	of	independent	random	variables	will	be	approximately	normally	distributed.	Instead,	a	theory	of	integration	is	required	where	integral	equations	do	not
need	the	direct	definition	of	derivative	terms.	See	the	appendix	for	simulation	code.6.	Stratonovich	CalculusRecall	Itô’s	lemma:\[df	=	\left(\frac{\partial	f}{\partial	t}	+	\frac{1}{2}	\frac{\partial^2	f}{\partial	X^2}\right)	dt	+	\frac{\partial	f}{\partial	X}	dX\]That	second	derivative	term	is	pretty	annoying	to	deal	with	in	calculations.	Mathematics
portal	Itô	calculus	Itô's	lemma	Stratonovich	integral	Semimartingale	Wiener	process	Thomas	Mikosch,	1998,	Elementary	Stochastic	Calculus,	World	Scientific,	ISBN	981-023543-7	Fima	C	Klebaner,	2012,	Introduction	to	Stochastic	Calculus	with	Application	(3rd	Edition).	I	also	try	to	avoid	introducing	too	many	new	concepts	and	vocabulary.I	hope	that
a	wider	audience	can	feel	inspired	as	to	how	stochastic	calculus	emerges	naturally	from	the	physical	world.	The	Stratonovich	integral	can	readily	be	expressed	in	terms	of	the	Itô	integral,	and	vice	versa.	The	displacement	between	two	different	intervals	of	time	is	independent.Continuity:	The	walk	is	continuous,	with	no	jumps	or	gaps.Normality:	As	we
established	by	taking	discrete	random	walks	in	the	continuous	limit,	the	distribution	of	positions	at	any	given	time	should	be	normal.So	let’s	write	this	mathematically.	…	In	my	opinion	this	is	a	great	book	for	self-study,	as	the	exercises	and	solutions	are	a	goldmine.”	(Peter	Rabinovitch,	MAA	Reviews,	May,	2018)“The	first	goal	is	to	make	the	reader
familiar	with	the	basic	elements	of	stochastic	processes,	such	as	Brownian	motion,	martingales	and	Markov	processes	and	then	move	in	the	direction	of	stochastic	integration.	doi:10.1007/s10959-007-0140-8.	This	framework	generalizes	previous	ones	and	improves	performance,	allowing	for	new	paths	of	innovation	to	be	explored.1.
MotivationPascal’s	triangle	gives	the	number	of	paths	that	go	either	left	or	right	at	each	step,	up	to	a	certain	point:\[\begin{array}{cccccc}	&	&	&	1	&	&	&	\\	&	&	1	&	&	1	&	&	\\	&	1	&	&	2	&	&	1	&	\\	1	&	&	3	&	&	3	&	&	1	\end{array}\]Using	0-indexing,	the	number	of	ways	to	reach	the	\(k\)-th	spot	in	the	\(n\)-th	row	is	\(\binom{n}{k}	=	\frac{n!}{k!
(n-k)!}\).	Here,	the	steps	are	random:	\(\Delta	W(s_i,	s_{i+1})	\sim	\sqrt{\Delta	s}	\,	N(0,	1)\).	I	will	avoid	very	technical	formalisms	such	as	probability	spaces,	measure	theory,	filtrations,	etc.	As	mentioned,	the	continuous	case	requires	considering	intervals	instead	of	single	steps.Then,	we	write	some	properties	of	Brownian	motion:\(W(0)=0\)	almost
surely\(W(t)\sim	N(0,t)\)With	the	first	condition,	this	is	often	written	equivalently	as	\(\Delta	W(s,t)\sim	N(0,t-s)\)	for	all	\(s	e	t\)\(\Delta	W(t_1,t_2)\)	is	independent	of	\(\Delta	W(t_2,t_3)\)	for	arbitrary	distinct	\(t_1	<	t_2	\le	t_3\)We	can	straightforwardly	use	these	conditions	are	enough	to	find\(E[W(t)]=0\)	for	all	\(t\)\(Var(W(t))=t\)	for	all	\(t\)This	is
analogous	to	the	discrete	case.But	it	also	turns	out	that	these	conditions	are	sufficient	to	prove	continuity,	although	it’s	more	involved:The	sample	path	\(t	\mapsto	W(t)\)	is	almost	surely	uniformly	Hölder	continuous	for	each	exponent	\(\gamma	<	\frac{1}{2}\),	but	is	nowhere	Hölder	continuous	for	\(\gamma	>=	\frac{1}{2}\).	To	solve,	let	\(f	=	\ln
S\):\(\frac{\partial	f}{\partial	t}	=	0\),\(\frac{\partial	f}{\partial	S}	=	\frac{1}{S}\),\(\frac{\partial^2	f}{\partial	S^2}	=	-\frac{1}{S^2}\).Using	Itô’s	lemma:\[d(\ln	S)	=	\frac{1}{S}	(\mu	S	\,	dt	+	\sigma	S	\,	dW)	+	\frac{1}{2}	\left(	-\frac{1}{S^2}	\right)	(\sigma^2	S^2	dt)\]	\[=	\left(	\mu	-	\frac{1}{2}	\sigma^2	\right)	dt	+	\sigma	\,	dW\]Integrate
from	\(0\)	to	\(t\):\[\ln	S(t)	-	\ln	S(0)	=	\left(	\mu	-	\frac{1}{2}	\sigma^2	\right)	t	+	\sigma	W(t)\]	\[S(t)	=	S(0)	\exp\left(	\left(	\mu	-	\frac{1}{2}	\sigma^2	\right)	t	+	\sigma	W(t)	\right)\]The	drift	is	adjusted	by	\(-\frac{1}{2}	\sigma^2\)	due	to	the	second-order	effect	of	noise,	and	\(\sigma	W(t)\)	adds	random	fluctuations.	In	summary,	I	find	that	this	is	an
excellent	and	complete	book	on	stochastic	calculus	for	master's	level	students.	The	real	world	often	involves	continuous	processes,	like:The	motion	of	a	falling	object,Gas	diffusing	through	a	room,Stock	prices	jumping	around,Molecules	colliding	in	a	liquid.For	these,	the	binomial	model	gets	messy	as	trials	pile	up.	This	process	is	represented	by	a
stochastic	differential	equation,	which	despite	its	name	is	in	fact	an	integral	equation.	Keep	in	mind	that	this	model	can	and	will	be	inaccurate,	especially	visibile	for	very	long	streaks	in	phenomena	like	stock	prices	or	sports.	"Stochastic	Integration	Based	on	Simple,	Symmetric	Random	Walks".	(You	can	generate	one	yourself	with	the	code	in
Appendix.)	Code	2D	image:	Sample	Brownian	motion	path	Code	3D	animation:	Brownian	motion	with	evolving	distributionNow,	let’s	take	this	beast	and	do	something	useful	with	it.4.	Itô	CalculusBrownian	motion	\(W(t)\)	is	continuous	but	so	irregular	that	it’s	nowhere	differentiable.
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